In this note we give a simple proof of the following relative analog of the well known Milnor-Palamodov theorem: the Bruce-Roberts number of a function relative to an isolated hypersurface singularity is equal to its topological Milnor number (the rank of a certain relative (co)homology group) if and only if the hypersurface singularity is quasihomogeneous. The proof relies on an interpretation of the Bruce-Roberts number in terms of differential forms and the Lê-Greuel formula.
Introduction
Let f : (C n+1 , 0) → (C, 0) be an analytic function germ with an isolated critical point at the origin. The classical Milnor-Palamodov theorem [14] , [15] is a statement on the equality between an analytic invariant of the singularity, namely, the dimension of the local algebra O n+1 /J f (where J f is the ideal generated by the partial derivatives of f ), with a topological invariant, namely, the number of n-dimensional spheres in the bouquet decomposition of the Milnor fiber X t of f , or what is equivalent, the rank of the middle (co)homology group H n (X t ; Z). This common number is now well known as the Milnor number µ(f ) of the singularity f and is one of the most important analytic-topological invariants of the singularity.
The Milnor-Palamodov theeorem has been generalised in a number of cases and in particular for the isolated complete intersection singularities (the famous Lê-Greuel formula [7] , [10] ), as well as for the so called isolated boundary singularities of V. I. Arnol'd [1] (see [9] for a proof), consisting of pairs (f, V ) where f is an isolated singularity and V is a smooth hypersurface such that the restriction f V of f on V also has an isolated singularity.
Here we will consider a case interpolating between the previous two, i.e. pairs (f, V ) where again f is an isolated singularity, and V is a hypersurface which also has an isolated singularity at the origin, and is such that the restriction f V of f on V defines an isolated complete intersection at the origin.
The analytic invariant generalising the dimension of the local algebra of the singularity in the case of pairs (f, V ) is the so called Bruce-Roberts number µ BR (f, V ) (introduced by J. W. Bruce and R. M. Roberts in [4] for arbitrary analytic sets V , but already studied earlier by O. V. Lyasko [12] for the hypersurface case), which is the dimension of the local algebra O n+1 /J f (V ), where J f (V ) is the ideal generated by the derivatives of f along "logarithmic" vector fields, i.e. tangent to the smooth part of V . The corresponding topological invariant is the relative Milnor number µ(f, V ), defined as the rank of the middle relative (co)homology group H n (X t , X t ∩ V s ; Z) (where V s is the Milnor fiber of a smoothing of V ), which is in turn equal to the sum of the ranks of H n (X t ; Z) and of H n−1 (X t ∩ V s ; Z), the latter being also equal to the number of (n − 1)-dimensional spheres in the bouquet decomposition of the isolated complete intersection f V (this is a well known theorem due to H. Hamm [8] ).
The main result of the paper (Theorem 2.1) is the following relative analog of the Milnor-Palamodov theorem: the Bruce-Roberts number µ BR (f, V ) of the pair (f, V ) is equal to its relative topological Milnor number µ(f, V ) if and only if the hypersurface singularity V is quasihomogeneous. In particular the following formula holds:
where q(V ) is the degree of non-quasihomogeneity of the hypersurface V (i.e. the difference of the Milnor and Tjurina numbers of V ). The "if" part of this theorem has been obtained rather recently in [2] , where the authors give a proof using generators of the ideal J f (V ) and certain properties of the logarithmic characteristic variety, introduced by K. Saito in [17] and also used extensively by Bruce and Roberts in [4] . For quasihomogeneous V , they obtain nice properties of this logarithmic variety (Cohen-Macaulay) and they also give a relation of the Bruce-Roberts number with the so called Euler obstruction [6] , [18] .
In contrast to this "microlocal" approach of Saito's theory, we give here a more "global", but still elementary proof of formula (1) , which relies on a simple interpretation of the Bruce-Roberts number in terms of relative differential forms, the consideration of the so called torsion differentials, and an application of the well known Lê-Greuel formula, given in its original form by G. M. Greuel [7] .
We remark that the proof presented here, despite the fact of being elementary, it has the drawback that it is non-canonical, in the sense that it does not reveal the natural canonical relation that exists between the local algebra O n+1 /J f (V ) of the singularity with the relative cohomology H n (X t , X t ∩ V s ) of the pair of Milnor fibers. To obtain such a canonical relation one has to introduce certain relative Brieskorn modules associated to the pair (f, V ) along with a relative Gauss-Manin connection naturally defined on them (as in [9] for the case of isolated boundary singularities). Then formula (1) is just a manifestation of Malgrange's index formula [13] for this relative Gauss-Manin connection which, in the present exposition, is hidden within the Lê-Greuel formula. Such an approach, along with several more profound relations with the relative monodromy, the spectrum and the spectral pairs coming from the eventual mixed Hodge structure in the relative cohomology, will be presented in a subsequent paper.
Bruce-Roberts and Topological Milnor numbers
Let f : (C n+1 , 0) → (C, 0) be an analytic function germ with an isolated critical point at the origin and let (V, 0) ⊂ C n+1 be a germ of a reduced analytic hypersurface, given as the zero locus V = g −1 (0) of an analytic function germ g : (C n+1 , 0) → (C, 0) which also has an isolated singularity at the origin (we do not exclude the case where V might be smooth). Denote by f V : (V, 0) → (C, 0) the restriction of f on V and suppose that it is a submersion along the smooth points V * = V \ {0} of V . Then f V also has an isolated critical point at the origin (in the stratified sense) and in particular, the intersection f
Denote now by Θ(V ) ⊂ Θ the submodule of vector fields at the origin which are tangent to the smooth part V * of V (also known as logarithmic vector fields due to K. Saito [17] ): the local algebra of the singularity (f, V ) is defined as the quotient
The dimension of this algebra, which is obviously finite dimensional, is usually called (by several authors) the Bruce-Roberts number µ BR (f, V ) of the singularity (f, V ):
Obviously the Bruce-Roberts number of the pair (f, V ) is always bigger (or equal) to the ordinary Milnor number of f . In particular, the inclusion J f (V ) ⊆ J f (where J f is the ideal of partial derivatives of f ) induces a projection of local algebras Q f (V ) → Q f (where Q f = O n+1 /J f is the local algebra of f as in the introduction), whose kernel is the quotient of ideals:
, and whose dimension we denote by
Thus we obtain a short exact sequence of local algebras:
which implies the following relation:
Concerning the topology of pairs (f, V ), denote by X t the Milnor fiber of f and by X t ∩ V s the Milnor fiber of the isolated complete intersection singularity (f, g). By Milnor's theorem [14] the fiber X t has the homotopy type of a bouquet of n-dimensional spheres, whose number is equal to the Milnor number µ(f ) of f . By Hamm's theorem [8] , generalising Milnor's fibration theorem for the isolated complete intersection case, the fiber X t ∩ V s also has the homotopy type of a bouquet of (n − 1)-dimensional spheres, whose number is equal to the Milnor number of the isolated complete intersection (f, g) or, what is equivalent, of the function f V . We denote this number by µ(f V ). It follows from this that the natural long exact sequence in homology obtained by the embedding X t ∩V s ⊂ X t , reduces to the short exact sequence (it can be considered with integer coefficients):
From this we also obtain the following fundamental relation of (topological) Milnor numbers:
where we denote by µ(f, V ) the rank of the middle relative homology group:
The relation of the Bruce-Roberts numbers in (3) with the topological Milnor numbers in (5) is explicated by the following relative analog of Milnor-Palamodov theorem:
Theorem 2.1. Let (f, V ) be an isolated singularity. Then the following identity holds:
where µ(V ) is the Milnor number of V , τ (V ) is its Tjurina number, and
is the degree of non-quasihomogeneity of V .
Remark 2.1. Formula (6) has already been obtained for the planar case n = 1, in a different form, by C. T. C. Wall in [19] .
The fact that the number q(V ) can be be interpreted as the degree of nonquasihomogeneity of the singularity V is a well known theorem of K. Saito [16] . From this it follows: Corollary 2.2. Let (f, V ) be an isolated singularity. Then
if and only if the singularity V is quasihomogeneous. In that case, the BruceRoberts number is a topological invariant of the singularity. Remark 2.2. The "if" part of the above corollary has been obtained in [2] .
Proof of the Theorem
The proof of the theorem relies on an interpretation of the Bruce-Roberts numbers in terms of differential forms, the consideration of the so called torsion differentials, and the well known Lê-Greuel formula.
To start, let Ω • (V * ) ⊂ Ω • be the subcomplex of germs of holomorphic forms which vanish when restricted (by pullback) to the tangent bundle of the smooth part V * of the hypersurface V . We call the quotient complex
the Ferrari complex of V , since it was introduced by A. Ferrari in [5] (but also used extensively by T. Bloom, M. Herrera [3] , G. M. Greuel [7] and others). The reason for introducing this complex in our context becomes apparent due to the following:
Lemma 3.1. Multiplication by a volume form ω gives an isomorphism:
Proof. It follows immediately by the identity:
and the fact that ω induces an isomorphism
so that a = X ω ∈ Ω n (V * ) if and only if X ∈ Θ(V ). To see that the latter isomorphism is true, one may multiply a = X ω with dg∧:
and notice that (by the Poincaré residue short exact sequence for V * ) there is an identification:
From this we obtain the following interpretation of short exact sequence (2) in terms of differential forms: Lemma 3.2. The short exact sequence of local algebras (2) is isomorphic to the short exact sequence:
where:
,
Proof. Since df ∧ Ω n (V * ) ⊂ df ∧ Ω n we obtain a short exact sequence:
which, by the previous Lemma 3.1, becomes isomorphic to (2) after multiplication with a volume form. To obtain (7) it suffices to notice that
Remark 3.1. From the lemma we obtain in particular the identity (3):
Moreover, the terms appearing above are the last terms of the obvious relative de Rham complexes but this is irrelevant in the present exposition.
To continue with the proof we will need to consider also the well known complex of Kähler differentials. Denote by Ω
• (V ) ⊂ Ω • the subcomplex of holomorphic forms which vanish identically along the points of V :
The quotient complex:
is usually called the Grauert-Grothendieck (or Kähler) complex of V . Since
V and in particular a short exact sequence of complexes:
where the kernel complex:
can be identified with the torsion subcomplex TorΩ 
The following lemma concerning the dimension of the space of these torsion differentials will be very useful in what follows: Lemma 3.3 (G. M. Greuel [7] ).
, where τ (V ) is the Tjurina number of V . Remark 3.2. Torsion differentials are sometimes interpreted in terms of local cohomology (c.f. [7] , [11] ) Now, following Greuel [7] we can define, using the Kähler complex of V one more module of relative forms for the complete intersection f V :
Denote its dimension by
The following theorem is the famous Greuel formula in its original form (also proved by Lê D. Tráng in a different form [10] ) relating the Milnor number µ(f V ) of the isolated complete intersection f V with the analytic invariant µ G (f V ):
Lemma 3.4 (G. M. Greuel [7] ). For the isolated complete intersection f V the following formula holds:
Finally, we will need the following lemma which relates the Bruce-Roberts number µ BR (f V ) with Greuel's invariant µ G (f V ) defined above: Lemma 3.5. For the isolated complete intersection f V the following formula holds:
Proof. The natural projection Ω n V → Ω n V gives another natural projection of relative forms Ω f V → Ω f V whose kernel is again isomorphic to T Proof of Theorem 2.1. Combining formulas (10) and (9) we obtain:
Substituting this formula to the fundamental relation (3) we obtained the desired formula (6) .
